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 
Abstract— The present paper deals with the calculation of 
grounding resistance of an electrode composed of thin wires, that 
we consider here as perfect electric conductors (PEC) e.g. with 
null internal resistance, when buried in a soil of uniform 
resistivity. The potential profile at the ground surface is also 
calculated when the electrode is energized with low frequency 
current. The classic treatment by using leakage currents, called 
Charge Simulated Method (CSM), is compared with that using a 
set of steady currents along the axis of the wires, here called the 
Longitudinal Currents Method (LCM), to solve the Maxwell 
equations. The method of moments is applied to obtain a 
numerical approximation of the solution by using rectangular 
basis functions. Both methods are applied to two types of 
electrodes and the results are also compared with those obtained 
using a thirth approach, the Average Potential Method (APM), 
later described in the text. From the analysis performed, we can 
estimate a value of the error in the determination of grounding 
resistance as a function of the number of segments in which the 
electrodes are divided. 
 
Index Term— Low frequency current energization, 
electromagnetic analysis, grounding grids, grounding resistance, 
method of moments.  
 
I. INTRODUCTION 
The problem of grounding grid analysis techniques with low 
frequency current energization has been widely treated by 
several authors along decades [1]-[9]. The methods used for 
the analysis of grounding grids could be classified according 
to the type of current source energization applied to the 
grounding grid conductors. According to those criteria, one 
can distinguish  two types of grounding grid current 
energization: the low frequency current energization which is 
also sometimes known by direct current regime, and the high 
frequency energization. In the latter, the analysis of the 
grounding grid transients is carried out. In this paper, the focus 
is on the first type. 
According to the theoretical scheme used to solve the 
problem, one can make a clear distinction between a circuit 
approach, an electromagnetic theory approach and a hybrid 
approach in order to calculate grounding resistance as well as 
step and touch voltages at ground level. The circuit approach 
is said to be fast and relatively easy to understand, but at the 
 
The authors are with the Escuela Técnica Superior de Ingeniería y Diseño 
Industrial (ETSIDI) at Universidad Politécnica de Madrid (UPM), Dept. of 
Applied Physics, Dept. of Applied Mathematics and Dept. of Electrical 
Engineering, Ronda de Valencia 3, 20012-Madrid (corresponding author E. 
Faleiro, e-mail: eduardo.faleiro@upm.es). 
 
same time the least accurate one. The electromagnetic 
approach is believed to be the most accurate one, due to the 
least amount of approximations, but at the same time 
numerically intensive and relatively difficult to understand. 
The main difficulty in applying the electromagnetic approach 
stems from the complex mathematical apparatus, which 
transforms Maxwell equations into a system of algebraic 
equations, and its associated numerical implementation. Here 
one can distinguish between a finite element approach, a 
boundary element approach and an approach according to the 
method of moments [12]-[15]. The hybrid approach is a 
mixture between the two above-mentioned  approaches and 
can vary in complexity as well as in accuracy. 
Since the analytical solutions are available only for very 
few cases, numerical methods were firstly applied to the 
solution of the so-called equipotential grounding grids, buried 
in homogeneous, two-layer or multi-layer horizontally 
stratified earth [10]-[11], and energized with a low frequency 
current. Due to this current energization, only self and mutual 
leakage conductance of grounding grid elements had to be 
considered. Conductors were treated as infinitely conductive 
or PEC. One of the most prominent of the methods applied in 
this field is the CSM or Charge Simulated Method [4],[6],[9]  
in which a set of variable leakage current densities needs to be 
calculated in order the electrode to be equipotential. The 
method is simple though, as will be seen later, is very sensitive 
to the numerical scheme used in your application.  
Faced with this method which uses only leakage currents to 
ground, we will use a low frequency approach of the Electric 
Field Integral Equation scheme (EFIE) [17], which uses only 
longitudinal currents along the axis of the wires. This method 
is called here Longitudinal Currents Method or LCM. As in 
the CSM method, the solution is found numerically which is 
also sensitive to the numerical scheme used. The LCM method 
is much more complex and computationally expensive than 
the CSM so almost all low frequency applications are treated 
with the CSM method. However, as will be seen later, both 
methods complement each other and provide valuable 
information about errors in the calculation of relevant 
electrical quantities. 
There is to be mentioned as well the so-called APM or 
Average Potential Method [2],[3] in which every portion of 
the electrode delivers an uniform and constant current density 
to the surroundings. The potentials on the electrodes are 
calculated by averaging the local potentials. Both CSM and 
APM methods make use of a leakage currents scheme that 
produces the potential profile around.   
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In this paper we will use the electromagnetic approach to 
implement a computer code to numerically solve the problem 
of finding the response of a thin wire structure to a low 
frequency excitation. The two complementary methods CSM 
and LCM will be used for calculating the grounding resistance 
of a thin wire structure. The APM method were used as a test.   
The CSM method is well described in the references and we 
will not give any details about their numerical implementation. 
On the contrary, as to due to its complexity, we will focus on 
the theoretical foundations of LCM method indicating some of 
the most important steps to get to a numerical implementation 
of it. So a system of currents along the conductor axis, as 
sources for electromagnetic fields, will be used and a 
methodology similar to that applied for the transient analysis 
of grounding grids is applied [17],[18].  
The method of moments is employed to find  the numerical 
distribution of longitudinal currents in order to calculate the 
grounding resistance and  the absolute potential profile at the 
earth surface. A careful analysis of the grounding resistance 
dependence with the numerical scheme is done showing that 
the CSM and LCM methods have a close dependence on the 
segmentation of the electrodes. Finally, by using several 
geometric shapes for electrodes, the grounding resistance and 
the potential profile at the earth surface are obtained by the 
CSM and LCM methods and compared with those calculated 
by the APM method.  
II. THEORETICAL FOUNDATIONS 
As a start, a PEC thin wire buried in a semi-infinite medium 
of conductivity sigma and powered by a low frequency 
electric current injected through any point on its surface or by 
its ends is used. The electric potential profile in the 
surrounding environment created by the leakage current to the 
ground can be found by solving Maxwell's equations. For a 
free charge density l and free current density, scl JJJ

  
where cJ

is the conduction current density which according to 
the Ohm's law, EJc

  , and it is assumed that the electrical 
conductivity  is a constant. Now, it is supposed that the 
current density lJ

 is stationary and the continuity equation  
0 lJ

 is verified, which means that, 
.0 sJE

        (1) 
 
By using Maxwell's equations, it can be found that 
,lsJ 




        (2) 
sJ

 being a current flowing along the wire, and cJ

being a 
current flowing to the outside environment, that is, the leakage 
current. 
For a low frequency problem, electromagnetic potentials A

 
and   satisfy the equations, 


 l2

        (3) 
.2 sJA
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        (4) 
 
Here, the so-called thin wire approach  [12], which states that 
charges and currents in a thin wire electrode can be replaced 
by charges and currents along its axis which will produce the 
same electromagnetic fields in both its surface and in the 
external environment, is used. Thus, the solution to (3) and (4) 
for a curved conductor wire is 
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where )(sl   is the free electric charge density along the wire 
axis and )(sI s   is the current flowing through the wire axis. 
Here, s is a variable used to locate points on the wire axis, 
whose value is the distance from one end of the wire (Fig. 1). 
These charges and currents have to be previously calculated 
knowing the boundary conditions as well as how the electrode 
is energized. 
A scheme leading to a satisfactory solution is obtained from 
the electric field generated by the buried structure 

E  
where the potential is to be calculated from (2) and (5) which 
results 
.
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Note that the spatial variation of the longitudinal currents 
along the wire axis, provides the leakage currents to the 
outside environment. Using the continuity of the tangential 
component of the total electric field at the surface of the 
conductor (Fig. 1), it holds that 
 
.0)(  si uEE

        (8) 
This expression is valid for a PEC. Otherwise, the second 
member of (8) needs to be replaced by a quantity proportional 
 
 
 
Fig. 1.  A conductive curved thin wire where some of the variables used in 
the text are shown. Longitudinal current )(sI s   has been drawn at a 
specific point s of the wire axis. The total electric field is also shown in 
the same figure with the tangent vector 
su

 along which the total electric 
field has to be projected. 
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to the conductor impedance. The electric field iE

 
is the 
impressed field and will generate induced fields E

and B

, 
while the vector 
ds
srd
us
)(


 is a unitary tangent vector at the 
electrode  surface (Fig. 1).  For a PEC, it holds that 
 
.

sssi uuEuE       (9) 
Now, the potential expressed in terms of the longitudinal 
currents is introduced. To do this an integration by parts is 
done, 
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by using the identity 
s
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

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
 . Moreover, the kernel  
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      (11) 
has been introduced where s and  s variables  refer to the 
positions of the field points and source points respectively. For 
longitudinal currents along the wire axis, the next relationship 
has been taken into account,   
s
sI
srJ s
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      (12) 
In expression (10), )(sCont  takes into account  the boundary 
conditions at the ends of the conductor, 
 
),()(),()()),()(()( isGiIdsGdIssGsIsCont ds is 

  (13) 
 
)(iI  and )(dI  being the currents in the wire ends, which 
correspond to the current value for 0s  (point O‘1 in Fig. 
1) and Ls   (point O‘2 in Fig. 1). Those currents will be 
zero unless a driving current is injected or released through 
these ends. If the conductor  is a closed wire, )(sCont  
equals 
zero. Note that the expression (10) contains only the 
longitudinal currents as unknowns of the problem, so it can be  
considered as an  integral Fredholm equation of the first type. 
III. NUMERICAL SOLUTION USING THE METHOD OF 
MOMENTS 
The method of moments is a numerical procedure that 
allows obtaining a solution to equation (10) by reducing the 
integral equation to a matrix equation [12]. To do this, the 
overall curved wire of length L, is divided into N small sized 
line segments NLs  . A selected set of known 
functions is chosen to build a linear approximation to the 
unknown function )(sI  , 

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as an example, the unit step function  can be chosen for 
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Note that this is a staircase-like approximation to the function
)(sI  , for which 0)0( IsI  , while 1)(  NILsI , 
0I and 1NI  being the currents flowing to the left and right of 
the wire, respectively, according with the step functions in 
(14) and (15). 
The choice of these functions nu  is made for simplicity, but 
they are neither the only possible nor the best numerical 
results to be provided. In this paper the functions (14) were 
chosen because of their simplicity at the risk of losing some 
accuracy in the final results [13],[14].  
By renaming sii uEsE

)( , and taking into account (13) 
and (14), it follows that 
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where the notation is simplified by writing ),( nsG  instead of  
).,( snsG   
This expression is valid at any point s on the electrode 
surface. Finally, a set of N weighting functions are being used 
such as the Dirac delta function, 
 
)()( mm sssw           (18) 
 where the points ms are on the electrode surface and are 
chosen arbitrarily. It is usual that they are aligned 
perpendicular to the midpoints of the segments s on the 
axis wire (Fig. 2). 
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With this choice of weighting functions for each point ms , 
the expression (17) results, 
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where the notation is simplified as before by writing ),( nmG  
instead of ),( snsmG  . 
In practice, for a wire  to which a low frequency current  
inI  is applied by one of its free ends, whereas another direct 
current  outI  is delivered to the external environment by the 
other free end, the equation (18) applied to the N points ms  
constitutes a non-homogeneous linear system of  N+2 
equations,  
 
 




















































out
in
N
N
N
I
I
I
I
I
I
ZZZZ
ZZZZ
..
0
0
..
1...000
...............
...
...
0...001
1
2
1
0
1,2222120
1,1121110
    (20) 
 
  However, except if required by practical design, 
longitudinal currents coming out of either free end are 
ignored, thus it is necessary to consider only those free ends of 
the electrode where an existing current input is to be 
dissipated to the external environment. For an electrode with a 
single current injection point, inII 0 , as in (20) but 
0outI  in this case. As a final comment, if the injection 
point is located at any node junction between wire segments, 
e.g. segments n and n +1, this is equivalent to an injection 
point on the segment n +1 treated as an end segment and 
therefore rows are to be added similar to the first row of (20) 
with the value of the injected current on the right hand vector. 
Since the electrode energization is caused by a current 
injected at a precise point and not by an electric field iE , it 
holds that 0 sEi , thus the vector components of the 
right hand in (20) almost all vanish.  For other types of 
energization, as in the case of a receiving antenna, non-
vanishing potential drops should be considered along the 
electrode due to the impressed field.  
 
For an electrode composed of several interconnected wires 
forming a mesh, it is only necessary to consider the free ends 
of the structure. Some of them will be used to energize the 
structure while others will be terminal ends for which, with 
exceptions as noted above, the outgoing current will be zero. 
For each free end in the mesh, rows similar to the first and last 
of (20) have to be added, also accompanied by the 
corresponding value in the vector of the right hand. 
 
Finally, the ground interface needs to be taken into account. 
It can be easily incorporated into the theoretical scheme by 
applying the theory of modified electrical images which adds 
to the calculations  the contribution of image electrode with a 
weight factor F that for the modified image theory[16] and 
low frequency current energization is F=1. Thus, a final 
expression is obtained which is ready to be encoded on a 
computer, 
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The subscript source points I  in the last terms of (21) refer 
to the image electrode source segments. Longitudinal currents 
on the image electrode have the same value as the 
corresponding currents on the real electrode, those being the 
mirror image of these. 
 
The expression (21) is used to find the longitudinal currents 
in the electrode axis that make it equipotential. Once knowing 
the result, the absolute potential at any point in space and 
specifically in the ground surface, can be calculated. The 
absolute potential can be calculated from (7). Performing an 
integration by parts as in (10), the potential is  
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which, after applying the method of moments, results, 
 
 
Fig  2.   Detailed representation of a conductive wire segment with 
some of the variables used in the text. 
 
                                   International Journal of Electrical & Computer Sciences IJECS-IJENS Vol:14 No:04                                29 
 
                                                                                                                          144604-5858-IJECS-IJENS © August 2014 IJENS                                                                                        
I J E N S 








N
n
IInINI
N
n
nN
nrGnrGI
F
NrGIrGI
F
nrGnrGINrGIrGIr
1
10
1
10
)))1(,(),(()),()0,((
))1,(),((
1
)),()0,((
1
)(




     (23) 
where, as in (21), the subscript I  in the last term, stands for 
image segments source points  which are affected by the factor 
F previously defined. This expression, can also be written in a 
more compact way as, 
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which reminds of the CSM approach by leakage currents to 
ground, which are obtained here  by differencing the currents 
between adjacent segments. Note that there are N+2 
longitudinal currents, if the end currents 0I and 1NI  are 
included, and therefore N+1 leakage currents can be obtained. 
 
The expression (23) will be used in this paper to calculate 
the grounding potential PATV  and with the result, the 
grounding resistance 0IVR PATPAT  is calculated.  
Grounding potential is defined as an average of the calculated 
potential by (23), for a broad set of points at the surface of the 
electrode. Such points are as previously described ms  points 
at the electrode surface. 
 
IV. APLICATION EXAMPLES AND COMPARISON 
BETWEEN THE DIFFERENT METHODS 
 The figures below show the results for the potential profile 
on the ground for two different geometric configurations of 
conducting wires.  
The first one is a single electrode consisting of a straight rod 
of 2 m length, buried in the ground horizontally at 0.1 m depth 
from the surface and energized by a direct current of 10 A 
entering at its left end and moving to the  right. It is assumed 
that the rod is a PEC and that the value for soil conductivity is 
of 100 Ωm (Fig. 3).  
The second electrode is a regular mesh horizontally buried at 
0.1 m depth and consists of 12 rods of 1 m length. A rod is 
added over one of the vertices of the mesh and placed 
vertically (Fig. 4). The 10A current injection point shows in 
Fig. 4. As in the previous example, it is assumed that the mesh 
is a PEC and that the same value for soil conductivity is used. 
 
 
 
Figure 5 shows the potential profile at the ground surface 
along the electrode 1, on the line connecting points A and B as 
shown in Fig. 3. The results for the three methods are shown 
in the same Fig. 3. It is noted that the LCM method  gives very 
similar results as the CSM method, whereas there are neat 
differences with the ones of the APM method.  
 
 
The same conclusions were obtained after analyzing the 
potential profile along the diagonal connecting points A and B 
on the soil surface above the conductive mesh of Fig. 4, as 
shown in Fig. 6. In both cases and for all methods used, the 
rods were divided into N = 30 segments each. 
 
 
Fig 3.  A conductive straight thin wire horizontally buried at depth h 
and powered by an incoming current 
0I  at its left end. Some currents 
in the segments are also shown 
 
 
 
Fig  4. A conductive mesh composed of thin wires buried at depth h and 
powered by an incoming direct current 
0I  through one corner. The soil 
is a single layered conducting medium of conductivity σ. 
 
 
 
Fig  5. Electric potential profile along the line A-B on the ground 
above the buried rod from the electrode of  Fig. 3. The results for the 
three methods used in the paper are shown. The solid black line stands 
for the APM method. The thin continuous line is the CSM method 
whereas the star dotted line corresponds to LCM method. 
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In Fig. 5 and Fig. 6 the value of the grounding resistance R 
calculated by the three methods using the number of segments 
for each rod already mentioned is also shown. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table I shows the values of the grounding resistance of the 
electrodes in Fig. 3 and Fig. 4 which are obtained by applying 
the three methods when the wires of the electrodes are divided 
into a number N of segments. Regarding the APM method, it 
is possible to analytically calculate the value of the grounding 
resistance, at least for the electrode of Fig. 3, from the 
expression 
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where the variable z stands for a coordinate along the wire 
axis with the origin located at the center, r  is the radius of the 
wire and L its length. Note that the average in the electric 
potential over the conductor surface has been calculated 
because in the APM method the electrode itself is not 
equipotential.  With the values of L and   defined above, a 
value of 61.73 Ohm is obtained for the grounding  resistance, 
which differs by 0.3% from the asymptotic value of 61.93 
Ohm given by the APM method. The reason for this 
discrepancy is to be found in the APM method itself used 
here. Each segment of the wire is replaced by a point source of 
leakage current. As the partition is refined, the result is closer 
to the exact value. The same applies to the CSM method in 
which each segment is also replaced by a point source of 
leakage current but this time non-constant along the wire axis. 
This results in a slow convergence to the asymptotic value as 
the partition is refined. The LCM method provides a fast 
convergence to the asymptotic value of the grounding 
resistance as shown in Table I. 
The dependence of grounding resistance with the number of 
segments of the wires is shown in Fig. 7 calculated by using 
the three methods. It is observed that the LCM method and the 
CSM method, as was pointed out earlier, clearly converge to a 
common asymptotic value. 
 
It can be stated that the LCM method gives a lower bound 
to the grounding resistance whilst the CSM method gives an 
upper bound of it. It can also be seen that the APM method  
slightly deviates from that behavior (by 0.16% approximately 
for the single electrode) and the potential profile supplied is 
significantly different, especially in the central area, from 
those obtained by the two other methods. 
The reported behavior in the calculation of the grounding 
resistance by the two methods LCM and CSM, suggests the 
possibility of assigning an error value to grounding resistance 
calculation. It may be taken as the interval radius of the 
grounding resistance obtained by both of the methods. As the 
representative value of the resistance, it can be taken as the 
average value of the grounding resistance obtained also by 
both of the methods. The results of such a procedure in terms 
of absolute error value and percentage over the representative 
value of the grounding resistance are shown in Table II. 
TABLE I 
GROUNDING RESISTANCE IN OHMS, ACCORDING TO THE APM, CSM AND 
LCM METHODS VERSUS THE NUMBER OF SEGMENTS N IN WHICH THE 
WIRES ARE DIVIDED. 
 
 Electrode Fig. 3 Electrode Fig. 4 
N APM CSM LCM APM CSM LCM 
30 72.370 61.120 55.190 22.850 20.560 19.780 
50 65.616 61.039 58.130 21.820 20.556 20.173 
70 63.481 60.995 59.491 21.495 20.554 20.361 
90 62.636 60.965 60.150 21.367 20.553 20.454 
110 62.264 60.944 60.473 21.311 20.552 20.499 
130 62.091 60.927 60.633 21.285 20.551 20.523 
200 61.942 60.887 60.778 21.264 20.549 20.542 
300 61.929 60.853 60.787 21.263 20.547 20.544 
400 61.930 60.830 60.780 21.264 20.546 20.543 
 
 
 
 
Fig  6.  Electric potential profile along the diagonal A-B on the ground 
from the electrode of  Fig. 4. It is easy to observe  that over the mesh, 
along such a line A-B  the step potentials achieved does not exceed 40 
volts as can be seen from the curves. 
 
 
 
Fig  7. Grounding resistance versus the number of segments in which each 
rod of the structure is divided when calculated by using the three methods 
APM, CSM and LCM. The results for electrode of  Fig. 3 are shown in the 
right hand, whereas on the left hand  it is shown the results for electrode of 
Fig. 4. 
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V. CONCLUSIONS 
In this paper we have implemented numerical codes for 
three methods in order to calculate the grounding resistance 
and potential profile at ground level produced by two 
examples of thin-wire structures powered by low frequency 
current. In the LCM method, starting from a set of currents 
along the wires, which are part of the buried structure, they are 
taken as sources of electromagnetic fields on the soil. Solving 
Maxwell equations numerically by using the method of 
moments, a solution that provides the value of the grounding 
resistance and the potential profile in the soil is obtained 
which is applied to the configurations of wires. In parallel, a 
more usual scheme based on leakage currents, the CSM, has 
been coded and used  to analyze the same configurations.  A 
comparison of the results obtained by applying the CSM and 
LCM methods to the same configurations of wires has been 
made. A third method, the APM, has also served for 
comparison.There has been found a good agreement between 
the LCM and the CSM method and greater discrepancy with 
the APM method. Both, the LCM and the CSM methods show 
a tendency towards a common asymptotic value of the 
grounding resistance when the segmentation applied to the 
wires is refined, the LCM method supplying a lower bound to 
the grounding resistance. This property was used to estimate 
the error in the determination of the grounding resistance 
when any of the above methods is used according with a 
precise wire segmentation. 
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